A recipe is given for creating material with a desired refraction coefficient by embedding many small particles in a given material. To implement practically this recipe, some technological problems are to be solved. These problems are formulated. Applications of the materials with a desired refraction coefficient are mentioned. One of the possible applications is preparing materials with desired wave-focusing properties. These are materials which have a desired radiation pattern at a fixed frequency and at a fixed incident direction. The other application is preparing materials with negative refraction.
Introduction
In a series of papers, cited in the references, and in the monograph [4] the author has developed wave scattering theory by many small bodies of arbitrary shapes and, on this basis, proposed a method for creating materials with some desired properties. The goal of this paper is to explain this method and to formulate two nanotechnological engineering problems that should be solved in order that the proposed method can be implemented practically. Some of the possible applications are mentioned. These applications include creating materials with desired wave-focusing properties and materials with negative refraction.
Our presentation in this paper follows [21] , but is slightly expanded. Let us formulate the statement of the problem. Let D ⊂ R 3 be a bounded domain filled in by a material with a known refraction coefficient. The scalar wave scattering problem consists of finding the solution to the Helmholtz equation:
v = A 0 (β, α) e ikr r + o( 1 r ), r := |x| → ∞, β := x r .
The function n 0 (x) is assumed bounded, piecewise -continuous,
The function A(β, α) is called the scattering amplitude. The wavenumber k = 2π λ , where λ is the wavelength in D , α ∈ S 2 is the direction of the incident plane wave u 0 , S 2 is the unit sphere in R 3 , β ∈ S 2 is the direction of the scattered wave. The solution to problem (1)- (3) is called the scattering solution. It is well-known ( [2] ) that this solution exists and is unique under our assumptions, namely
is determined uniquely if n 2 0 (x) is given. We assume k > 0 fixed and do not show the dependence of A 0 (β, α) on k. The operator L 0 at a fixed k > 0 can be considered as a Schroedinger operator
We want to construct a material in D with a desired refraction coefficient, that is, with a desired function n 2 (x), Im n 2 (x) ≥ 0.
Why is this problem of practical interest? We give two reasons. First, creating a refraction coefficient such that the corresponding material has negative refraction is of practical interest.
One says that a material has negative refraction if the group velocity in this material is directed opposite to the phase velocity.
Secondly, creating such a refraction coefficient that the corresponding scattering amplitude A(β) = A(β, α) at a fixed α ∈ S 2 (and a fixed k > 0) approximates with any desired accuracy > 0 an arbitrary given function f (β) ∈ L 2 (S 2 ) is of practical interest.
This problem we call the problem of creating material with a desired wave-focusing property.
In Section 2 we explain how to create such a material. In Section 3 we discuss the technological aspects of our recipe for creating material with a desired refraction coefficient. Creating material with negative refraction is discussed in Section 4.
Creating material with a desired refraction coefficient
The basic idea of our method is to embed in D many small particles D m , 1 ≤ m ≤ M , with a prescribed boundary impedance ζ m , defined in formulas (7) and (9) below. The number of the embedded particles in an arbitrary open subdomain ∆ ⊂ D is given asymptotically as
Here φ > 0 if a > 0, φ(0) = 0, φ is strictly monotonically growing, N (x) ≥ 0 is a piecewise-continuous function which we can choose as we want. The smallness of the embedded particles means that ka 1, where a = a, but d is not assumed much larger than λ, so in our theory there can be many small particles on the wavelength in D. This means that the distribution of the embedded particles is not necessarily "diluted".
The scattering problem in the region with embedded particles is formulated as follows:
Here N is the unit normal to S m , pointing out of D m , S m is the surface of D m , M is the total number of the embedded particles D m , ζ m is the boundary impedance, Im ζ m ≤ 0, u is the scattering solution in the absence of the embedded particles, i.e., the solution to problem (1)-(3). Let us assume that
where h(x) is a piecewise-continuous function in D,
The function N (x) ≥ 0 in (4) and h(x), Im h ≤ 0, we can choose as we wish. These functions will define the desired refraction coefficient of the new material which is obtained in the limit a → 0. From formula (9) it follows that the impedance ζ m tends to infinity as a → 0. If ζ m = ∞, then the particle D m is acoustically soft, U = 0 on S m . The rate of growth of the impedance ζ m as a → 0 is very important for our theory: it allows one to prove the existence of the limit, as a → 0, of the effective field in the medium. Asymptotic behavior of the solution to the exterior boundary-value problem for the Helmholtz equation as the impedance tends to infinity was studied in the recent paper [23] , which was originated from the theory described in this paper.
We assume that
The function φ(a) in (5) is
The solution to problem (6)-(8) depends on a, U = U (x, a), but we do not show this dependence for brevity. We also do not show the dependence of U on α and k, because they are fixed. Our standing assumptions are (4), (5), (9)-(12). They are not repeated in the statements of Theorems.
Denote by g(x, y) the Green's function of the operator L 0 in the absence of the embedded particles:
and g satisfies the radiation condition.
Theorem 1 Problem (6)- (8) has a solution, this solution is unique, and it is of the form:
where the function σ m are uniquely determined by the data, i.e., by
Theorem 2 The solution U to problem (6)- (8) has the following asymptotic as a → 0
where
and
Theorem 3 Assume that f is an arbitrary bounded piecewise continuous function in D, and the points x m are distributed in D so that (5) holds. Then
Theorem 4 Under the assumptions (4), (5), (9)-(12) the following limit exists:
e (x) = u e (x), ∀x ∈ D.
This limit does not depend on m and is the unique solution to the equation
Theorem 5 The limiting material in D, which is obtained as a → 0, is described by the equation
where v e (x) := D g(x, y)p(y)u e (y)dy. The scattering amplitude, corresponding to n 2 (x), (or, which is equivalent to the potential q(x)) is:
where u(x, −β) is the solution to problem (1)-(3) with u 0 = e −ikβ·x , that is, the scattering solution in the absence of the embedded particles when the incident direction of the plane wave u 0 equals to −β.
Remark 1 Formula (25) is based on the Ramm's lemma (see [2, p. 46] ) which says
where u(x, −β) is the scattering solution with the incident direction −β ∈ S 2 and the remainder O( 1 |y| 2 ) is uniform with respect to x running through any fixed bounded domain.
We can now formulate a recipe for creating material with a desired refraction coefficient: Recipe: To obtain material with a desired refraction coefficient n 2 (x), given a bounded domain D, filled with a material with the coefficient n 2 0 (x), one embeds into D small balls D m , centered at x m and of radius a, distributed according to (5) , with φ(a) defined in (12) , so that conditions (9)- (11) hold. Then one finds h(x) and N (x) from the equation
Equation (27) for N (x) ≥ 0 and h(x), Im h ≤ 0, where p(x) is given, has infinitely many solutions. For example, one can choose N (x) > 0 arbitrary, and then find uniquely h 1 and h 2 by the formulas:
By Theorem 5 the material with the embedded small particles has the desired coefficient n 2 (x) with the error that goes to zero as a → 0.
We do not give proofs of Theorem 1-5. These proofs can be found in the cited papers. Our goal is to formulate clearly the recipe for creating materials with a desired n 2 (x), so that engineers and physicists can try to implement this recipe practically.
The non-uniqueness of the choice of h(x) and N (x) from the equation (27): p(x) = 4πh(x)N (x) can be used practically: one may wish to choose N (x) small in order to decrease the total number of the particles to be embedded, for example.
A discussion of the recipe
There are two technological problems that should be solved in order that the recipe be implemented practically.
Problem 1: How does one embed many small particles in a given material so that the desired distribution law (5), (11)- (12) is satisfied?
Problem 2: How does one prepare a small particle with the desired boundary impedance
How can one prepare a small particle with the desired dispersion of the boundary impedance, that is, the desired ω− dependence of h = h(x, ω)?
The motivation for the last question one finds in Section 3.1: this question is related to preparing materials with negative refraction.
The first problem, possibly, can be solved by stereolitography. The second problem one should be able to solve because the limiting cases ζ m = 0 (hard particles) and ζ m = ∞ (soft particles) can be prepared, so that any intermediate value of ζ m one should be able to prepare as well. The author formulates the above technological problems in the hope that engineers get interested and solve them practically.
Negative refraction
Material with negative refraction is, by definition, a material in which group velocity is directed opposite to the phase velocity, (see [1] and references therein). Group velocity is defined by the formula v g = ∇ k ω(k). Phase velocity v p is directed along the wave vector k 0 = k |k| . In an isotropic material ω = ω(|k|), and ω = c|k| n(x,ω) , so ωn(x, ω) = c|k|. Differentiating this equation yields
Thus,
Wave speed in the material with refraction coefficient n(x, ω) is |v p | = c n(x,ω) , where c is the wave speed in vacuum (in D ).
For v g to be directed opposite to k 0 , that is, opposite to v p , it is necessary and sufficient that n + ω ∂n ∂ω < 0.
If the new material has n(x, ω) satisfying (31), then the new material has negative refraction.
One can create material with n(x, ω) satisfying (31) by choosing h = h(x, ω) properly. Namely, (27) implies
Assuming n 2 0 > 4πk −2 N (x)h(x, ω), Im h = 0, one has (31) satisfied if
∂h(x,ω) ∂ω
This inequality has many solutions, e.g., the function h(x, ω) = e −2ω h 0 + 1 2 e 2ω t(x) solves (33).
Let us formulate the technological problem solving of which allows one to implement practically our method for creating materials with negative refraction.
Problem 3: How does one prepare a small particle with the impedance ζ m = h(xm,ω) a κ , where h(x, ω) satisfies (33)?
Wave-focusing property
Let us formulate the problem of preparing a material with desired wave-focusing property. The refraction coefficient is related to the potential by the formula q(x) = k 2 − k 2 n 2 (x). We assume in this Section that k > 0 is fixed, and α ∈ S 2 , the incident direction (that is, the direction α of the incident plane wave e ikα·x ) is also fixed.
Problem: Given an arbitrary fixed f (β) ∈ L 2 (S 2 ), an arbitrary small fixed > 0, an arbitrary fixed k > 0, and an arbitrary fixed α ∈ S 2 , can one find q ∈ L 2 (D), q = 0 in D = R 3 \D, such that
where A q (β) := A q (β, α, k) is the scattering amplitude, corresponding to q, at fixed α and k, and q := k 2 − k 2 n 2 (x)? The answer is yes, and an algorithm for finding such a q, and, therefore, such an n 2 (x), is given in [19] . See also [16] , [22] .
There are many q which solve the above problem. It is possible to choose from the set of these potentials the one which satisfies some additional properties, for example, one can choose q to be arbitrarily smooth in D, one can choose q with non-negative imaginary part, etc.
The desired radiation pattern f (β) can, for example, be equal to 1 in a given solid angle and equal to 0 outside this solid angle. In this case the scattered field is scattered predominantly into the desired solid angle.
